OBSTRUCTIONS TO DEFORMING SPACE CURVES LYING ON A
SMOOTH QUARTIC SURFACE

HIROKAZU NASU

ABSTRACT. We study the deformations of space curves C' C P2 lying on a smooth
quartic surface S, under the presence of a smooth rational or elliptic curve E C S.
Let Hilb*“P? denote the Hilbert scheme of smooth connected curves in P3. We give a
sufficient condition for Hilb*“P? to be (non)singular at [C] in terms of E and an effective
divisor D := C — 4h on S, where h is the class of hyperplane sections of S. As an
application, we find a new class of generically non-reduced irreducible components of
Hilb*¢ P3.

1. INTRODUCTION

Curves embedded into the projective 3-space P? are called space curves. The problem
of classifying space curves is classical and nowadays the problem is well understood (at
least, theoretically) in terms of the Hilbert scheme. Let Hilb**P? denote the Hilbert
scheme of smooth connected curves C' C P? and let H i , C Hilb™ P? denote the subscheme
parametrizing curves of degree d and genus g. For the classification, it suffices to determine
the all irreducible components of H ;Z , for a given degree d and a given genus g. However
this task is not easy in general.

On the other hand, among all space curves, the curves which are contained in a (smooth)
surface S C P? of low-degree s < 4 were intensively studied by many authors, e.g.
Kleppe[7], Ellia[1], Gruson-Peskine[5], Nasu[14], etc. More recently, in the paper [8] with
an appendix by Ottem, Kleppe has studied maximal families W C H gz , of the space curves
whose general member is contained in a smooth quartic surface S. If W is an irreducible
component of H gZ ;o then the Picard number of S is at most 2. Kleppe has explicitly
described non-reduced and generically smooth components in the case where PicS is
generated by the classes of a line and a smooth place cubic curve (cf. Remark 5.4). In
this article, we study the deformations of space curves C' C P lying on a smooth quartic
surface S C IP? whose Picard group is generated by the class of hyperplane sections h of
S and the class of a rational (or elliptic) curve E C P? (i.e. PicS = Zh & ZE). Since S
is a K3 surface, E is rational (E ~ P!) if and only if E? = =2, i.e., F is a (—2)-curve.
Similarly E is elliptic if and only if E? = 0 (Then S is an elliptic surface and E is a fiber
of an elliptic fibration S — P'). We discuss the obstructions to deforming C in P? and

we obtain the next theorem.
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Theorem 1.1. Let C' C P? be a smooth connected curve lying on a smooth quartic surface
S. We assume that the divisor D := C' — 4h on S is effective. Then

(1) If H'(S, D) = 0, then Hilb* P3 is nonsingular at [C].

(2) If Pic S = Zh @ ZE for a (—2)-curve E and we have E.D = —2 and D # E, then
Hilb** P? is singular (in fact, non-reduced) at [C].

(3) If D ~ mE for an elliptic curve E (m > 2), then Hilb**P3 is singular (in fact,
non-reduced) at [C].

We have h'(S,D) = 1,m — 1 (= h'(P3,Zc(4))) in the cases (2),(3) of Theorem 1.1,
respectively. Here the numbers h!(S, D) are equal to the codimensions of the Hilbert
scheme Hilb*P? in its tangent space H°(C, Ncyps) at [C]. It is known that if D* > 0
then we have H'(S, D) # 0 if and only if there exists

e an effective divisor A such that A2 = —2 and A.D < —2, or
e a nef and primitive divisor £ > 0 such that F? = 0 and D ~ mFE for some m > 2
(cf. [9]).

Mumford [12] first found an example of a generically non-reduced irreducible component
of the Hilb**P3, which was constructed from a family of smooth connected curves in P3
lying on a smooth cubic surface. On a smooth quartic surface, a (—2)-curve and an
elliptic curve play a role very similar to that for a (—1)-curve (i.e. a line) on the smooth
cubic surface in Mumford’s example. As an application, we construct infinitely many
generically non-reduced irreducible components of Hilb* P3.

Theorem 1.2. Let W be a 4-mazximal irreducible subset of Hilb* P* whose general member
C' is contained in a smooth quartic surface S with Pic S = Zh®ZE, where E is a smooth
elliptic curve on S. If C is linearly equivalent to 4h+mE form > 2, then the closure W of
W in Hilb**P3 is an irreducible component of (Hilb** P3),.q and Hilb**P3 is a generically

non-reduced along W'.

Let e be the degree of the elliptic curve E in P3. Then the degree d and genus g of
C are computed as d = me + 16 and g = 4me + 33. The dimension of the irreducible
component W is computed as dim W = ¢ + 33 = 4me + 66 = 4d + 2.

Let N¢/ps denote the normal bundle of C' in P3. It is known that there exists a one-
to-one correspondence between the first order deformations of C' in P? and the global
sections of Ngyps. Then the obstruction ob(y) to lifting a first order deformation C
(<+ ¢ € H(C,Ngyps)) of a curve C in P? to a second order deformation is given by the
cup product

HO(C, NC/]PS) X HO(Q NC/IP’3) - Hl(a NC/IP3)> @ — @U@ = ob(p).

In [11] Mukai and Nasu have developed a technique to computing this cup product and
showing that it is nonzero (the theorem to show the nonzero is called the obstructedness
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criterion). For the proof of Theorems 1.1 and 1.2, we further develop the technique and
obtain a generalization of the criterion (cf. Theorem 3.1).

Acknowledgments. This article is written as a proceeding of the symposium on alge-
braic curves held at Tokyo Metropolitan University in December 21-23, 2013, where I
gave a talk with the same title. I would like to thank the four organizers of the sympo-
sium, Prof. Kazuhiro Konno, Prof. Jiryo Komeda, Prof. Akira Ohbuchi and Prof. Hiroo
Tokunaga. Most of the results in this article are stated without proofs, and we omit the
detail of some proofs. We refer to [13] for the proofs.

2. HILBERT SCHEME AND INFINITESIMAL DEFORMATIONS

First we recall some basic facts on the deformation theory of embedded schemes. We
work over an algebraically closed field k of characteristic p > 0. Let V' C P™ be a closed
subscheme of P" with embedding line bundle Oy (1) on V', and X C V a closed subscheme
of V' with the Hilbert polynomial P(X) = x(X,Ox(n)). Then there exists a projective
scheme H, called the Hilbert scheme of V', parametrizing all closed subscheme X' of V
with the same Hilbert polynomial P(X’) = P(X) (cf. [4]). We denote by HilbV the
Hilbert scheme of V.

Let Zx and Nx,v = (Zx/Z%)" denote the ideal sheaf and the normal sheaf of X in
V', respectively. The symbol [X] represents the point of HilbV corresponding to X.
Then the tangent space of HilbV at [X] is well known to be isomorphic to the group
Hom(Zx, Ox) and to the 0-th cohomology group H°(X, Nx,v) of Ny . Every obstruction
ob to deforming X in V is contained in the group Ext'(Zx, Ox). If X is a locally complete
intersection in V, then ob is contained in the subgroup H'(X, Nx,) C Ext'(Zx, Ox) and

we have
h°(X, Nxv) — h'(X, Nx,v) < dimx Hilb V < h°(X, Nxv).

The left hand side (= x(X, Nx/v)) is called the expected dimension of HilbV at [X]. If
HY(X,Nx/v) = 0, then the Hilbert scheme HilbV is nonsingular at [X] of dimension
h°(X, Nx,v). Let D = k[t]/(t*) be the ring of dual number. Then a first order (infinites-
imal) deformation of X in V' is a closed subscheme X’ C X x Spec D, flat over D, and
with central fiber X = X. By the universal property of the Hilbert scheme, there exists
a one-to-one correspondence between the set of D-valued points ¢ : Spec D — Hilb V'
sending 0 to [X], and the set of the first order deformations of X in V.

Applying the infinitesimal lifting property of smoothness (cf. [6, Proposition 4.4,Chap. 1])
to the surjection k[t]/(t"*%) — k[t]/(t"T') — 0 of artinian rings, we have

Proposition 2.1. If HilbV is nonsingular at [X], then for every integer n > 1, every
infinitesimal deformation of X in'V of order n lifts to some infinitesimal deformation of
X iV of order n+ 1.
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This fact implies that if some first order deformation of X in V' does not lift to any
second order deformation, then Hilb V' is singular at [X].

From now on we suppose that X is a complete intersection subscheme of V. Let X
be a first order deformation of X in V. Then there exists a global section ¢ of Nx/y
corresponding to X. We define a cup product ob(p) € Ext'(Zy, Ox) by

ob(p) :=pUeU g,

where e is the extension class of the standard exact sequence 0 -+ Zxy — Oy — Ox — 0
on V. Then X lifts to a second order deformation if and only if ob(y) is zero. Since
X is a locally complete intersection, ob(y) is contained in H'(X, Nx,v), and called the
obstruction for . In what follows, we say X is unobstructed (resp. obstructed) if Hilb V'
is nonsingular (resp. singular) at [X], and for an irreducible closed subset W of Hilb V,
we say Hilb V' is generically smooth (resp. generically non-reduced) along W if Hilb V' is

nonsingular (resp. singular) at the generic point X, of W.

3. OBSTRUCTEDNESS CRITERION

In [11] Mukai and Nasu have studied the embedded deformations of a smooth curve C'
on a smooth projective 3-fold V' under the presence of a smooth surface S such that C' C
S C V. They have given a sufficient condition for a first order infinitesimal deformation of
C in V to be obstructed: if there exists a curve E on S such that (E?)s < 0 (e.g. a (—1)-
curve on S) and the exterior component of ¢ lifts to a global section v € H(Ngv (E)) \
H°(Ng)v), then the exterior component of ob(y) is nonzero under a certain additional
condition on E, C' and v. We generalize their result in the viewpoint of the order of the
pole of v along E and the self intersection number E?.

We recall the definition of ‘exterior components’ and ‘infinitesimal deformations with
a pole’; introduced in [11]. Let C' be a smooth curve on a smooth projective 3-fold
V. Every first order infinitesimal deformation C' of C' in V determines a global section
¢ € H°(C,N¢)v) and the cohomology class ob(yp) € H'(C, N¢yv) defined in §2, and C
lifts to a deformation over Spec k[t]/(¢) if and only if ob(¢) = 0.

Exterior components. Let m¢/s : Noyv — NS/V’C be a natural projection of normal
bundles. Then the projection m¢,s induces the maps

H'(meys) : H(C, Neyv) — HY(C, NS/V|C) (i=0,1)
on the cohomology groups. The images

7TC/S(SD) = HO(WC/S)(SO)
obs () := H(mcys)(ob(p))



OBSTRUCTIONS TO DEFORMING SPACE CURVES LYING ON ... 5

of ¢ and ob(y) by the induced maps are called the exterior component of ¢ and ob(¢y),
respectively. Roughly speaking, the exterior components represent the first order defor-
mation of C'in V into the direction normal to S and its obstruction, respectively.

Infinitesimal deformations with a pole. Let F be a smooth curve on S and let
m > 1 be an integer. Since E is an effective divisor on S, there exists a natural short
exact sequence [0 — Og — Og(E) = Og(E) — 0] ® Og(mE) on S. We assume that the
induced map

H'(S,05(mE)) — H'(S,O0s((m + 1)E))
on the cohomology groups is injective for all m > 1. Let S° denote the open surface
S\ E C S, ie., the complement of E' in S. Then there exists a natural filtration
HY(S,E) c H'(S,2E) C --- C H(S,mE) C --- C H*(5°,Os-)

on H'(S°, Og.). A rational section v of Ng/y admitting a pole along E of order m, i.e.,
v e H(Ngyv(mE))\ H*(Ngv(m—1)E) is called an infinitesimal deformation with a pole
(along FE of order m). Every infinitesimal deformation with a pole induces a first order
infinitesimal deformation of the open surface S° = S\ £ in V° = V' \ E, since there exists

a natural injective map

H°(S, Ngjy(mE)) <= H"(S°, Ngejvo).

Let v € HY(Ng/v(mE)) be an infinitesimal deformation with a pole along E of order
m. We consider the restriction U}E € HO(NS/V(mE)‘E) of v to E, which is nothing but
the principal part of v at . Let O be the coboundary map of the short exact sequence

[0 = Ng/s — Ngjv = Ngyv|, — 0] ® Os(mE),

——

~Op(E)
and let

Op(v|,) € H'(E, Ng/s(mE)) ~ H'(E,Op((m + 1)E))

be the image of v‘ » by Og. Then we consider the cup product
(3.1) Op(v|,) Uv|, € H(E,Ngyv(2m+1)E - C)|,)
of GE(U}E) with U|E by the natural map

HY(E,Op((m +1)E)) x H*(E, Ngjy(mE — C)| ) — H*(E, Ngjv((2m + 1)E — C)| ).

The next theorem is a generalization of [11, Theorem 2.2], in which we give a sufficient
condition for a first order infinitesimal deformation C' (C V x Spec k[t]/(t?)) of C'in V to be
obstructed. i.e, C' does not lift to any second order deformation C' (C V x Spec k[t]/(t?)).
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Theorem 3.1. Let C or ¢ € H°(C,N¢yv) be a first order infinitesimal deformation of
C, and let mc/s(p) be the exterior component of . Suppose that the image of w7 s(p) in
H°(C, NS/V(mE)|C) lifts to an infinitesimal deformation

v € H(S, Ngjv(mE)) \ H(S, Ngjy(m — 1)E)
with a pole along E of order m > 1. In other words, we have
Tc/s(p) :’U‘C in  H°(C,Ngyv(mE) ‘C

If moreover, the following conditions are satisfied, then the exterior component obg(yp) of

ob(y) is nonzero:
(a) Let A be a divisor on S defined by A = C’+KV‘S (m~+1)E. Then the restriction
map
HO(S,A) 15 HY(E, A|,)
s surjective, and
(b) m is not a multiple of the character p and the cup product 8E(U|E) U U‘E defined
n (3.1) is nonzero.

Figure 1 may be useful for understanding the relation between ¢ and v|  (and (v )
in (b).

H°(Neyv) S5 ¢ H°(Np)y(mE))
wors| | s )|
H°(Nsyvl,) 3 v|, v > wv|l, € HNgy(mE)|,)
N Mm J aEl
H°(Ngyv(mE)|,.) &8 H°(Ng)y(mE)) Op(v|,) € H'(Op((m+1)E))

FIGURE 1. Relation between ¢ and aE(u}E)

Remark 3.2. (1) In [11, Theorem 2.2], we need some additional assumptions: E is a
negative curve on S, i.e., E? < 0 on S and the order m of v along E is one.
(2) When we apply the above theorem, F is not necessarily a (—1)-curve. For example,
we have an application to a K3 surface S, in which F is a (—2)-curve or an elliptic
curve (E? = 0) (See §5).

4. SPACE CURVES LYING ON A LOW-DEGREE SURFACE

In this section, we recall some basic results on the deformations of space curves C' C P3
and a surface S C P? containing C'. We refer to [7] and [8] for the proof of the results in
this section.
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First we recall the Hilbert-flag scheme D(d, g, s), which parametrizes all flags C' C S C
P3 of a curves C of degree d and genus g and a surface S of degree s. We denote by
D(d,g,s)° the open subscheme of D(d,g,s) parametrizing flags of C C S C P? with
smooth C. Let H(s) denote the Hilbert scheme of surfaces S C P3. Then there exists a
natural diagram of the Hilbert(-flag) schemes

D(d,g,s)° ——> H(s) (C.8) — 8
przl I )
Hi, ¢

where pr; is the natural projection morphisms to the i-th factor (: = 1,2). The tangent
space A! of D(d,g,s) at (C,S) is given by the Cartesian diagram

Al —  H(S, Ngps)
le O ml

TC/S

HO(C,Ngyps) —> H°(C,Ngpps|,).

Suppose that C' and S are smooth and let ¢ : H°(C, NC/P3|C) — H'(C,N¢ys) be the
coboundary map of the standard short exact sequence 0 — N¢/s — Neyps — Ng/ps | c—0
on P? and let acys be the composition d o m of m with 6. Then every obstruction to
deforming a pair (C,S) of a curve C and a surface S with C C S C P? is contained in
the group
A? .= coker acys,

which we call the obstruction group of D(d, g, s) at (C,.S). Moreover, there exists an exact
sequence

(4.1) 0 — H°(S, Ngps(—C)) — A" — H°(C, Ngps)
— H'(S, Ngps(—C)) — A*> — H'(C, Ngps)
— HQ(S, NS/[[JB(—C))

of cohomology groups, which connect the tangent space and the obstruction group of H 5 p
with those of D(d, g,s)°. We deduce the following facts from the exact sequence (4.1).

Lemma 4.1 (cf. [7, §]). (1) If H'(S, Ngjps(—C')) = 0, then the first projection pry :
D(d,g,s) — ngg is smooth at (C,S).
(2) If d > s* then we have H°(S, Ng/ps(—C)) = 0 and pry is a locally embedding at
(C,5).
(3) We have

(4.2) dim A" — dim A* = (S, Ng/ps) + x(C, Neys)

— (4—s)d+g+ (523) _9.
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The equation (4.2) represents the expected dimension of the Hilbert-flag scheme D(d, g, )
at (C,S). Since we have N¢/g ~ _KS‘C + K¢ and Kg ~ Og(s —4), by the Serre duality,
we have

H'(C,Neys) ~ H'(C, —Kg|, + Kc) ~ H°(C,Oc(s — 4))".
Then H'(C, N¢ys) vanishes if s < 3 and is of dimension one if s = 4. It is known that
if s > 4 and C is not a complete intersection on .S, then ac/g is not a zero map as a
consequence of the infinitesimal Noether Lefschets theorem (cf. [3, Theorem 4.£.3]). Hence
acys is surjective in the case s = 4. Therefore we obtain the first statement of the next

proposition.

Proposition 4.2 (cf. [8, Proposition 1.2],[7]). If s < 4, d > s* and C is not a complete
intersection for s = 4, then we have
(1) D(d,g,s) is nonsingular of the expected dimension (4.2) at (C,S).
(2) If H'(S, Ngjps(—C)) = 0 or H*(S, Ngps(—C)) = 0, then Hj, is nonsingular at
[C].

Proof. It H'(S, Ngps(—C')) = 0, then pry is smooth at (C,S) by Lemma 4.1(1). Thus
we get the smoothness of HJ, at [C] from the first statement. If H?(S, Ng/ps(—C)) = 0,
then we get H'(C, N¢yps) = 0 by the exact sequence (4.1). d

Let S be a smooth surface of degree s < 4, C' C S a smooth connected curve of degree
d > s%. Suppose that C is not complete intersection. Then the Hilbert-flag scheme is
smooth at (C,S) by Proposition 4.2(1) and there exists a unique irreducible component
W of D(d, g, s) passing through (C,.S). Let W C ngg be the image of W by pri;. Then W

is an irreducible closed subset of H?

44> Whose general member C'is contained in a smooth

surface S of degree s.

Given an irreducible subset U of H i g S(U) denote the minimal degree of surfaces
containing a general member of U. An irreducible closed subset U of H, i g 1s called s-
maximal if s(U) = s and if it satisfies (V) > s for any irreducible closed subset V'
strictly containing U. In this case, we say U is s-maximal family or subset of Hig. Here
W = pri(W) is clearly a s-maximal family of HJ .

5. OBSTRUCTIONS TO DEFORMING CURVES ON A SMOOTH QUARTIC SURFACE

Now we assume charp = 0. Let C' be a smooth connected curve on a smooth quartic
surface S. As is well known, S is a K3 surface, i.e., Kg is trivial and H'(S,Og) = 0.
If S is general, then Pic S is generated by the class h of hyperplane sections of S. Thus
C' is linearly equivalent to a multiple nh for some n > 1. In the case, C' is a complete
intersection of S and a surface of degree n in P3. Then in particular, C' is arithmetically
Cohen-Macaulay, and we see that C' is unobstructed, thanks to a result of Ellingsrud [2].

In what follows, we assume that S is not general and C' is not a complete intersection

with another surface. Let d and g be the degree and the genus of C, respectively. Suppose



OBSTRUCTIONS TO DEFORMING SPACE CURVES LYING ON ... 9

that D := C — 4h is effective. Then we have d > 16 = 42 and C belongs to a unique
4-maximal family W C HJ, and the dimension of W is equal to g + 33 by (4.2). Since
H°(C, N¢yps) represents the tangent space of the Hilbert scheme HJ, at [C], there exists

a natural inequality
(5.1) dim W < dimg) H},, < h°(C, Noyps).
of dimensions. Furthermore, we have

Lemma 5.1. (1) ng is nonsingular at [C] if and only if dimq ng = h°(C, Ngps).
(2) W is an irreducible component of (H3 ) )rea if and only if dim W = dime) H .

There exists a short exact sequence [0 — Zg — Zo — Og(—C) — 0] ® Ops(4) on P3.
Then by Zg ~ Ops(—4), we have

R (P?, Ic(4)) = (S, 4h — C) = h*(S, D).
By using the Riemann-Roch theorem on C' and S, we can compute that
(5.2) h'(S,D) = h°(C, Ncyps) — dim W.
Thus if H!(S, D) = 0, then we have
dim W = dimye) HJ , = h°(C, Neps),
and thereby we have proved Theorem 1.1 (1). On the other hand, if we have H'(S, D) # 0

and D? > 0, then there exists

e an effective divisor A such that A2 = —2 and A.D < —2, or
e a nef and primitive divisor F' > 0 such that F? = 0 and D ~ mF for some m > 2

by the following theorem.

Theorem 5.2 (a special case of [9]). Let X be a K3 surface, L a line bundle on X.
Suppose that L > 0 and L* > 0. Then H'(X, L) # 0 if and only if

(1) there exists an effective divisor A such that A* = —2 and A.L < —2, or
(2) L ~nF (n>2) for a nef and primitive divisor F > 0 with F* = 0.

Once we find a smooth quartic surface containing smooth curves, e.g. a line, a smooth
conic, or a smooth plane cubic etc., then we can find also a smooth quartic surface of
Picard number 2 containing them by the following result due to Mori[10].

Proposition 5.3. If there exists a smooth quartic surface Sy containing a smooth curve
Eqy of degree d and genus g, then there also exists a smooth quartic surface S containing
a smooth curve E of the same degree and genus as Ey such that PicS = Zh & ZE.
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5.1. Outline of the proof of Theorem 1.1. We give an outline of the proof of Theo-
rem 1.1. We have already given the proof of (1). Now we give an outline for (2). Suppose
that PicS = Zh @ ZE, where E is a (non-complete intersection) smooth rational curve

on S. Then C' is linearly equivalent to ah +bFE for some a,b € Z. The intersection matrix

h2h.E_4e
hE E2)] \e -2/’

where e is the degree of F in P3. By the assumption that £.D = —2 and D # E,
D = C — 4h is linearly equivalent to a divisor defined by

of S is given by

k(2h+ eE)+ E (when e is odd)
k(h+e€E)+ E (when e = 2¢ is even)

for some integer k& > 1. We compute that H*(S,D — E) = 0 for i = 1,2 by using e.g. the
Kawamata-Viehweg vanishing theorem. Then it follows from the exact sequence

0 — Og(D — FE) — Og(D) — Og(D) ~ Op(—2) — 0,

that we have h'(S, D) = 1.

Let ty denote the tangent space of the maximal family W C H C}S: , containing €', which
is a subspace of the tangent space H°(C, N¢yps) of the Hilbert scheme Hj7 . Then by
(5.2), there exists a global section ¢ of N¢/ps which is not contained in ty,. Then we can
apply the obstructedness criterion (Theorem 3.1) to ¢ and we obtain obg(¢) # 0. This
implies that H i , is singular at [C] by Proposition 2.1. Then the inequality (5.1) shows
that dim H gz , = dimW and hence W is an irreducible component of H ;Z g Since C'is
general member of W, H 2 ; is nowhere reduced along IW. Thus we have completed the
proof of Theorem 1.1(2).

Finally we give an outline of the proof of (3). Let E be a smooth elliptic curve on S and
suppose that D = C'—4h ~ (m+1)E for m > 1. Then we have h' (S, D) = h'(S,mE) =m
and hence by (5.2), the tangent space H°(C, N¢ps) of Hig at [C] is greater than dim W
by m. Then by Lemma 5.1, it suffices to show that dimg ng , = dim W, because this
implies also that H ;z , is singular at [C] by the same lemma. Let ¢ be an arbitrary
global section of Ng/ps, which is not contained in the tangent space ty of W. Since
Ng/ps(mE —C) ~4h+mE—C ~ —D+mE = —E, we have H'(S, Ng/ps(mE — C)) = 0.
Then the exterior component mg(p) (cf. §3) lifts to an infinitesimal deformation v with a
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pole (cf. §3) along E of order k for some 1 < k < m by the following diagram.
HO(S, NS/IPB (mE)) >

'
m

H(C, N¢yps)

—

TC/S
—

H

ms()
m
0(C, Ngps \C)
!

!

C  H%C,Ngps(mE)|,)

!

HI(S, NS/IP’3(_C)) ~ k™ — HI(S, Ng/]p3(mE — O)) =0

Applying the obstructedness criterion (Theorem 3.1), we finally obtain obg(y) # 0. Thus

we have proved Theorem 1.1(3) and Theorem 1.2.

Remark 5.4. In [8] Kleppe (with Ottem) has also studied the deformations of space

curves lying on a smooth quartic surface S C P3. A quartic surface which they have

considered is a smooth quartic surface S C P? whose Picard group Pic S is generated over
Z by the classes of a line E and a smooth plane cubic F' (~ h — E). Then E and F
satisfy B2 = —2, F? =0, E.F = 3. Let C' C IP® be a smooth connected curve of degree d
and genus ¢ lying on S. Suppose that D := C' — 4h is effective and C' is not a complete

intersection. Then C belongs to a unique 4-maximal family W of the Hilbert scheme H i .

Furthermore dim W = g 4 33. They have proved the following:

(1) If D.E > —1 and D.F > 0, then W is a generically smooth irreducible component

of H7,, and

(2) If D.E < —2 and g¢ is sufficiently large*, then W is a generically non-reduced

irreducible component of H i .

Let C ~ aFE + bF with a,b > 0 (we denote C' = (a,b) for short). Then the degree d
and the genus g of C' is computed as d = a + 3b and g = 3ab — a® + 1, respectively. Their

result is illustrated by Table 1, where k denote a non-negative integer, and W denote the

maximal family containing C'.

Cases 1] 1] [117] [1V]
C = (a,b) 3b—2a>3 | (84 3k 6+2k) | (10 + 3k, 7+ 2k) | (15 + 3k, 10 4 2k)
C.E=3b—2a >3 2 1 0
D.E > —1 -2 -3 —4
h'(S, D) 0 1 2 4
W smooth component non-reduced component

TABLE 1. Known cases

Since F'is a smooth elliptic curve, by Theorem 1.2, we have Table 2, which complements
the result obtained by Kleppe (with Ottem) (cf. [8, Remark 4.1]). If C' = (4,5), then

*More precisely, they proved the result for the degree d and the genus ¢ satisfying g >
min {G(d,5) —1,d*/10 + 21} and d > 21. Here G(d,5) denotes the maximum genus of curves of de-

gree d not contained in degree-4 surface.
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Case V]
C=(a,b)|(4,4+k)with k > 2
C.F 12
h'(S, D) k—1
W non-reduced component

TABLE 2. New case

we have H'(S,D) = H'(S,E) = 0 and hence W is a generically smooth irreducible
component of H ;2 ;- Therefore for a smooth quartic surface S containing a line £ and a
plane cubic F' with Pic S = ZF & ZF', and a smooth connected curve C' C S of degree
d and genus g, we have determined the generic smoothness of H ;Z , along the 4-maximal

family W C H i , containing C, except for a finite number of pairs (d, g) of small d and

small g.

1]
2]
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